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For more than a few molecular electronic states, the simplest qualitatively 
correct picture of the electronic structure is provided by the two-configuration 
self-consistent-field (TCSCF) method. Here, analytic methods are reported 
for the evaluation of TCSCF infrared intensities and polarizabilities. These 
new methods have been implemented and applied to the molecules CH2(1At), 
CF2, CH3, NH3, HF and 03. Nine different basis sets, ranging from 3-21G 
to triple zeta plus double polarization (TZ + 2P), have been used. In several 
cases one finds qualitative differences between the analogous SCF and TCSCF 
predictions. 
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Introduction 

In their landmark paper of  1966 Das and Wahl [1] were the first to apply the 
multiconfiguration self-consistent-field (MCSCF) [2] method to molecular sys- 
tems. In particular they noted that the proper dissociation of diatomic molecules 
composed of two monovalent atoms required within the molecular orbital 
framework a two-configuration (TC)SCF wavefunction. They reported such 
TCSCF wavefunctions for the H2, Li2, and F2 molecules. 

The TCSCF method introduced by Das and Wahl [1, 2] has also proved tremen- 
dously helpful in describing the electronic structure of singlet diradical states of 
more complicated molecules. The most frequently cited examples include singlet 



338 Y. Yamaguchi et al. 

(1A1) methylene [3], the singlet ground state of ozone [4], and the trimethylene 
diradical CH2CH2CH2 [5]. In addition the TCSCF wavefunction is the simplest 
member of a more complete set of MCSCF wavefunctions, the generalized valence 
bond (GVB) series [6]. Often it has been found that the TCSCF treatment of 
diradical singlet states provides a level of theory analogous to that given by the 
single-configuration SCF description of the lowest triplet state. Such a combined 
SCF (triplet)/TCSCF (singlet) approach has been found to yield quite reliable 
values of the singlet-triplet energy separations for carbenes, for example [7]. 

The recently-developed ability of ab initio methods to provide reliable estimates 
[8, 9] of vibrational frequencies has led to concurrent interest in the theoretical 
prediction of infrared [10] and Raman [11] intensities. The development of 
analytic methods for the evaluation of such intensities should prove to be quite 
helpful in the assignment of experimental spectra [12]. To date analytic IR and 
Raman intensity methods have been restricted to single-configuration SCF 
methods [13-16]. 

As suggested above, the TCSCF method for singlet diradicals may reasonably 
be taken as a zeroth-order starting point for theoretical studies of the electronic 
structures of such systems. With this in mind we present here a theoretical 
treatment of analytic IR intensities and polarizabilities for TCSCF wavefunctions. 

Theory 

A. Electronic energy expression 

Let us consider a two-configuration self-consistent-field (TCSCF) wavefunction 

= Clqbl + C26P2 (1) 

which consists of two configurations 

O, = I " "  mrnl (2) 
~2=[" " " nfil. (3) 

The electronic energy of this TCSCF wavefunction can be expressed as 

ETCSCF = E C,C, Hu (4) 
/ J  

where Hu are the matrix elements between configurations I and J and can be 
explicitly given as, 

d .o .  d .o .  

/-/11 =2 Z h,,+ Z {2(i i l j j ) -(ol i j )}  
i o 

d .o ,  

+ 2hmm + 2 • {2(mm I ii) - (rni] mi)} + (ram I mm) (5) 
i 

d .o .  d . o .  

/-/22 =2 Z hi,+ E {2(i i l j j)-( i j l i j)}  
i 6 

d .o .  

+2h,,,,+2 2 {2(nnl i i ) - (n i[ni )}+(nnl  nn) (6) 
i 
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H12 = (mn I mn). (7) 

In the equations above the h~ are one electron and the (~i[kl) are two electron 
MO integrals. Alternatively, the electronic energy of Eq. (1) can be given by [5] 

o c c  o c c  

ETCSC F = 2 E fh,, + E {~  IJJ) + [ 3 i j ( i j i i j ) }  (8) 
i ij 

where f is a one electron coupling constant, and o~i: and 13 o are Coulomb and 
exchange coupling constants. 

It should be noted that the following relationships between the constants in 
Eqs. (4) and (8) exist: 

f ~ = a ~ m = C  2 

f .  = o~,,. = C2z 

O l m n = ~ m m  = ~ n n = O  

f lmn = C1 C2 .  ( 9 )  

B. First derivatives of  the TCSCF electronic energy [17] 

The first derivative of the electronic energy, Eq. (8), with respect to a nuclear 
coordinate " a "  is simply written as 

occ oct oct 

E~csc F : 2 ~ fhi~ + ~ {a~j(ii IJJ)" + flo(ijl ij) a} - 2 ~ e~jS~j. (10) 
i ij ij 

In Eq. (10), 
AO Oh~v 

h q = ~  ' J '~ C~C~,- (11) 
~ Oa 

AO 
(/j]kl) a=  Y, c ~ c J c k c ~  O(Izvlp~r) (12) 

~vpo- Oa 

s;j = c 2 c  ( 1 3 )  

and the Lagrangian matrix e is defined as 
o c t  

eo =f~h 0 + Y {a~k(/j [ kk) + r [jk)}. (14) 
k 

The first derivative of the electronic energy with respect to an electric field " f "  
is given in a simpler form, 

o c t  
f ETCSCF = 2 E f hf (15) 

i 

where 
A O  

AO 
e ~ i j 

= - ( 1 6 )  
p.v 
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As can be seen from Eqs. (15) and (16), the evaluation of the derivative of the 
TCSCF energy with respect to an electric field at the point where the magnitude 
of the electric field is zero is equivalent to the expectation value of the dipole 
moment operator. In other words, the Hellmann-Feynman theorem holds for the 
TCSCF energy and wavefunctions when the perturbation is due to an electric-field 
[18], and the basis set is electric field independent. 

C, Coupled  perturbed H a r t r e e - F o c k  (CPHF) equat ions 

In order to calculate second-order properties, it is known to be necessary to 
evaluate the first-order change matrices of MO coefficients, U a and U y, and the 
derivatives of the CI coefficients, OCt/Oa and OCt~Of. 

These quantities can be obtained by solving the following coupled perturbed 
multiconfiguration Hartree-Fock (CPMCHF) equations [5b, 19, 20]: 

a 1 a 2 1 + l [ g a  gf  1 [B~I"Bflq 
m 21 A 22 J oc t  o c ,  = L B  2 �9 B f 2 j .  (17) 

0a 

The A matrix elements of Eq. (17) for the TCSCF wavefunction have previously 
been determined to be: 

11 aij, k I "-~ 2( OLik -- Otjk -- Olil -~- ajl)(U [ kl) 

+ (/~,k -- fl~k -- fl~ + fljt){(ik [jl) + (il I jk)} 

+ ~j~(~,, - ~,) - ~ ( ~ j , -  ~j~) 

- aj,(~,k - ~k)  + ~,,(~j~ - ~j~), (18) 

a},~ = 2 Y. C j (  e~! - e~J), (19) 
J 

and 

A2,5 = �89 - 6HE + C,C,} .  (20) 

The generalized Lagrangian matrix ~ appearing in Eq. (18) is defined as follows, 

o r 1 6 2  

~,s - f t h o  + E {a t k ( i j l k k )  + 3 ,k ( ik  Ijk)}. (21) 
k 

The elements of the "bare" Lagrangian matrices, e xs, appearing in Eq. (19) are 
defined by, 

d . o ,  

n _ h,k + Y. {2( ik ]jj) - ( ij I kj)}  + 2( ik] m m )  - ( im ] k m )  (22) ~" ik -- J 

for k = d.o. and m, 

d . o .  

e,2~ = h,k + Y~ {2(ik ]jj) - ( i j ] k j ) }+  2 ( i k ] n n )  - ( in l kn)  (23) 
J 
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for k = d.o. and n, 

12 21 =�89 ) (24) E l m  ~ E i m  

12 21=�89 ( 2 5 )  Ein ~ ~'in 

In Eqs. (22)-(25) the index i includes all molecular orbitals, k includes only the 
doubly occupied MO's and m or n refer to the two molecular orbitals with 
variable occupation numbers. The elements not included in the range of these 
indices are equal to zero. Using these relationships, the Lagrangian matrix in 
Eq. (14) is alternatively defined as, 

e~ = Y. C, Cje~ j. (26) 
/ J  

The B matrix elements for a nuclear perturbation are found to be 

al l  o c c  a I a 
By = e~-ej'] + ~ E Sk,[2(Ogk--aik)(ijlkl) 

k > l  

+ (~;k --~ik){(ik ]jl) + (il Ijk)} - 6kj(ei,- ~,)+ ~ki(ej,- ~j,)] 

o e c  

+ E S~k[(%k -- aik)(ij[kk) + (tSjk -- flik)(ik Ijk)] 
k 

(27) 

a 1 a ,~ o a  I J - -  a [J B ~ = - � 8 9  C j H u + ~ C I E  +~  Cj 2 ~, S,eil . 
J i> j  

(28) 

The (skeleton) derivative Lagrangian matrix e ~ and the (skeleton) derivative CI 
matrix H~j used in the equations above have the following definitions: 

o e c  

e~ = f h ~  + E {aik(ijlkk) a +/3,k(ik Ijk) a } (29) 
k 

d .o .  d .o .  

H~1=2 • h~+ • {2(ii l j j)"-(i j l i j)  a} 
i 0 

d . o .  

+2h~,,,,+2 Y~ {2(mml i i )a - (mi lmi )a}+(mmlmm)a  (30) 
i 

d . o .  d .o .  

H2~2=2 ~ hi'i+ Y~ {2(ii l j j)"-(i j l i j)  a} 
i /j 

d .o .  

+ 2 h ~ . + 2  Y~ {2(nnl i i )a-(ni lni )"}+(nnlnn)  '~ (31) 
i 

Hla2 = (ran Iron) a (32) 

The B matrix elements for an electric field perturbation can be shown to be 
fl 

B i j =  f f ei j -  eji (33) 

BY 2 = -�89 Y~ CjHfJ +�89 Ef. (34) 
J 
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In the above equations, e~ and H~j are 
f _  f e 0 - f h  o (35) 

d.o.  

H{I=2 E : : h. + 2h mm (36) 
i 

d.o. 

H~2=2 ~ : : hi~ + 2h,,,, (37) 
i 

HiS2 = 0. (38) 

D. Derivatives of  dipole moment 

An analytical expression for derivatives of the dipole moment may be obtained 
by differentiating Eqs. (4) or (8) with respect to a nuclear coordinate (a) and an 
electric field (f). 

02ETcsCF o c t  o c t  

2 Z f h ~ i f - 2  • S~ef+2~~ W~U  f 
a l l c  

Oa Of i o ~ J 

1 ! +2 E \"~fi-] Cj{H~j-2 E (39) iJ q 

where 

AO 2 h 
C/Cj  0 ~ (40) h~f = ~ ~" '~aa of  

l,.tr, 

ocr 
W ~ = 2 e j , -  ~ {(e, , ,+ J " " " 7=ik)Sjg + 2ejkSik} 

k 

o c t  

- Y. S?,,{2aj,(/j[ kl) +/3j,[(ik [jl) + (il [jk)]}. (41) 
kl 

An alternative equation is obtained by taking derivatives of Eq. (4) or (8) in the 
reverse order, 

. . . .  II oce  / O C I  \ 
0 2 E T C S C F  fa f a 

8ji U U+ IJ / ) \ '~a]  C j H f j "  (42) =2 ~ fihii + 4 ~  ~ 2~  
af aa i i j 

It should be noted that in Eqs. (39) and (42), the last terms require the derivatives 
of the CI coefficients OCt~of and oCJoa.  Although Eqs. (39) and (42) look quite 
different, they are mathematically equivalent. 

E. Polarizabilities 

The second derivative of the electronic energy with respect to an electric field is 
referred to as the electric polarizability and for a TCSCF wavefunction is 
expressed as 

cq2ETcscF ~o~c f g (OCI~ 
Ugeji + 2 u )~ \-Of-] Cj H~j (43) Vag = 4  

i j 
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where the e g and Hgj matrices are given by Eqs. (35) through (38) and the U~ 
and OC1/of are determined from the set of linear equations (17). The most striking 
aspect to be noted is the great reduction in computational effort due to the 
electric-field independence of the basis sets commonly used in quantum chemical 
applications. 

Applications 

The theoretical methods described above have been implemented (on the 
IBM 4381-2 computer at Berkeley) and testing was carried out by comparison 
with finite difference procedures. Subsequently the method was applied to CH2, 
CF2, CH3, NH3, HF and 03 using a range of contracted gaussian basis sets. 
These computations parallel those completed earlier [14] using single configur- 
ation SCF wavefunctions, and the basis sets chosen are described in Table 1. 

A. Singlet methylene 

The TCSCF wavefunction for 1A1CH 2 is 

2 2 2 2 2 2 2 2 = Cila12allb23al + C21a12allb21b,. (44) 

Table 2 gives TCSCF predictions with nine different basis sets for the geometry, 
harmonic vibrational frequencies, dipole moments, infrared intensities, and 
polarizabilities. With the largest basis set, triple zeta plus double polarization 
(TZ + 2P) [21], the energy difference between the SCF and TCSCF energies is 
(-38.91133--38.88927) : 0.02206 hartrees. The SCF and TCSCF intensities in 
(D/A)2/amu are 1.54 and 1.83 (asymmetric CH stretch); 1.29 and 1.38 (symmetric 
CH stretch); 0.12 and 0.13 (bending). The change of nearly 30% for/'1 suggests 
that correlation effects may be rather important for such diradical singlet states. 
The predicted dipole moments are 1.87 (SCF) and 1.66 (TCSCF) debyes. Again 
with the TZ+2P basis set the predicted polarizabiliites are 2.12(SCF) and 
2.10 (TCSCF)/~3. 

Both the IR intensities and polarizability show a considerable dependence on 
the basis set. For example, the popular 6-31G(d) basis yields a value for/'~ nearly 

Table 1. Basis sets 

Name Contraction (first row atoms) Contraction (hydrogen) 

1. 3-21G (6s3p/3s2p) (3s/2s) 
2. D Z  (9s5p/4s2p) (4s/2s) 
3. TZ (9s5p/5s3p) (5s/3s) 
4. 6-31G(d) (10s4pld/3s2pld) (4s/2s) 
5. DZff Pol (9s5pld/4s2pld) (4slp/2slp) 
6. 6-31 + G(d) (1 ls5pld/4s3pld) (4s/2s) 
7. T Z +  Pol (9s5pld/5s3pld) (5slp/3slp) 
8. 6-311++G(d, p) ( l l s6pld/5s4pld)  (6slp/4slp) 
9. TZ§ Pol (9s5p2d/5s3p2d) (5s2p/3s2p) 
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twice as large as that predicted with the much more complete T Z  + 2P  basis. 
Similarly 8 with the 6-31G(d) basis is 1.53 ,~3, but 2.10 with the more satisfactory 
T Z + 2 P  basis. Examination of Table 2 shows that the 6-31G(d) basis requires 
extension both with respect to the (sp) set and the polarization functions for 
precise predictions of I and 8. 

B. Ground state CF2 

The 1A~ ground state of CFz is described by the TCSCF wavefunction 

, ~  2 2 2 2 2 2 2 2 2 2 2 2 = C11al lb22a13a12b24a13b25al lb l la24b26a 1 

2 2 2 2 2 2 2 2 2 2 2 2 
+ C21al lb22a13a12b24a13b25al lb l la24b22bl .  (45) 

C F  2 is in a general sense valence isoelectronic with CH2, the prototype carbene, 
and this is seen in the comparison between (44) and (45). For CH2 3a~ is the 
carbene lone pair orbital, while the analogous orbital of CF2 is 6al. Similarly the 
1 bl(CH2) and 2b1(CFz) orbitals are the vacant (in the single configuration picture) 
2p orbitals perpendicular to the plane of the molecule. 

TCSCF predictions for C F  2 are  seen in Table 3, and the intensities are quite 
different from those of the prototype carbene CH2. For the symmetric C - X  stretch, 
with the T Z + 2 P  basis set, the CF2 intensity value (3.72 (D/A)2/amu) is more 
than twice the analogous CH2 prediction, 1.38. The asymmetric C - X  stretching 
intensities show an even bigger difference, 10.31 (CF2) and only 1.83 for CH2. 
Both bending modes, however, show weak intensities, 0.12 (CF2) and 0.13 (CH2). 
C F  2 has a small dipole moment (0.20 debye, C-F + polarity as discussed elsewhere 
[22]), while for the parent methylene ~ is a substantial 1.66 debye. The T Z +  
2PTCSCF polarizabilities of CH2 (2.10~ 3) and CF2(2.04) are surprisingly 
similar. 

C. The methyl  anion CH~- 

CH;  was chosen as a potentially interesting case because the single configuration 
SCF wavefunction 

2 2 4 2 
1a12a l l e  3al  (46) 

forces the outermost two electrons to occupy the same spatial orbital, namely 
3al. Intuitively, of course, one expects the outermost electron to correspond to 
a more diffuse electron distribution. One of the simplest ways to accomplish this 
is via the TCSCF wavefunction 

@ = C t l a 2 2 a 2 1 e 4 3 a ~ + C 2 1  2 2 4 2 a12a l l e  4a t. (47) 

Table 4 gives the present TCSCF predictions for the methyl anion. Due to its 
diffuse charge distribution, CH3 is the only molecule of the sample set where 
the 6-311 + +G(d, p) basis [23] yields a significantly lower energy than the T Z  + 2 P  
set. This is because the former basis set specifically includes functions with smaller 
orbital exponents than those required for the neutral carbon atom [23]. With the 
6-311++G(d, p) basis the SCF and TCSCF total energies are -39.51822 and 
-39.53811 hartrees, the difference being 0.01989 hartrees. Note also in Table 4 
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that the magnitude of the coefficient C2 in (47) increases significantly when diffuse 
functions are added to the basis set. For example, C2 is -0.079 for the 6-31G(d) 
basis set but -0.187 for the 6-31 +G(d)  basis. 

Again with the 6-311 + +G(d, p) basis set, the SCF and TCSCF dipole moments 
are 1.85 and 2.30 debyes, respectively. The IR  intensities labeled according to 
Table 4 are /1=14-20 (SCF) and 9.01(TCSCF); I2=9.76 (SCF) and 
20.52 (TCSCF); 13=0.02 (SCF) and 0.07 (TCSCF); I4=3.80 (SCF) and 
5.11 (TCSCF). The relative 11 and 12 values exhibit the need for at least a TCSCF 
description in order to correctly predict the most intense mode. The results 
presented here for CH~ using the 6-311++G(d, p) basis, though, may change 
with further basis set enhancements as was shown at the single configuration 
SCF level of theory [24]. 

19. A m m o n i a  

The NH3 molecule was studied to provide a neutral comparison with the isoelec- 
tronic anion CH~. The SCF and TCSCF energies with the 6-311 + +G(d, p) basis 
were -56.21475 and -56.22801 hartrees, respectively. The SCF/TCSCF energy 
difference is thus 0.01326, about two-thirds the analogous difference for CH3. 
Similarly the coefficient C2 of the second configuration is -0.085, much less in 
absolute magnitude than the CH3 value of -0.182. It is clear that the second 
configuration is notably more important for CH3 than for NH3. 

The largest percentage difference between SCF and TCSCF intensities of ammonia 
occurs for the asymmetric N-H stretch, where 11=0.257 (SCF) and 
0.373 (TCSCF) (D/~)2/amu. The dipole moments themselves are rather similar, 
1.719 debye (SCF) and 1.744debye (TCSCF). The 6-311++G(d,p) polariz- 
abilities ~ are 1.54 (SCF) and 1.61/~3 (TCSCF). 

E. The I-IF Molecule 

The TCSCF wavefunction for HF has the general form 

= C11 o-22 cr23 o'21 ~r 4 + (721 o'22o'21 Ir44o- 2. (48) 

TCSCF is the simplest wavefunction that dissociates to Hartree-Fock wavefunc- 
tions for the atoms H and F. 

With the T Z + 2 P  basis set the intensities in (D//~)2/amu are 3.90 (SCF) and 
1.69 (TCSCF). In fractional terms, this is one of the largest SCF/TCSCF differen- 
ces found in the present research. The dipole moment at the SCF/TCSCF levels 
of theory is predicted to be 1.91 (SCF) and 1.82 debyes (TCSCF). The predicted 
polarizabilities are 0.674 (SCF) and 0.700 (TCSCF) A3, in close agreement. 

F. Ozone 

The TCSCF description of 03 is given by the following 
2 2 2 2 2 2 2 2 2 2 2 2 

~b = Cl la l lb22a13a12b24a15al lb13624b26al la2  

+ C.1 a?l h22aZ3a22b]4a2,5a~lb~3b~4626a22b 2 (49) 
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It is well known [25] that an SCF description of 0 3 is not adequate. The simplest 
wavefunction which may provide a good zeroth-order characterization of 03 then 
is the above TCSCF wavefunction. The present theoretical predictions for ozone 
are summarized in Table 7. The better agreement one obtains for the structure 
with a TCSCF description supports this assessment. For example, using the 
DZ + P basis, the SCF method gives an equilibrium structure of 0e = 119.0 ~ and 
re=1.207• whereas TCSCF gives 0e=115.1 ~ and 1.257 ~.  Comparing 
these values to the experimentally determined quantities (G---116.8 ~ and re = 
1.272/~[26]) one sees a significant improvement in the bond length. The bond 
angle is only slightly improved, going from 2.2 ~ too high to 1.7 ~ too low. This con- 
firms the understanding that the TCSCF method does give a better zeroth-order 
description of 03 than does SCF. However, the TCSCF description of 03 reverses 
the symmetric and antisymmetric harmonic frequencies. This result is in direct 
conflict with experiment [u(al)  = 1103, u(b2) = 1042, and u(al) =701 cm -1] and 
complete active space SCF (CASSCF) calculations [27]. Note also that the 
infrared intensities of these two modes are switched [26, 27]. The TCSCF results 
are also reversed from those obtained at the SCF level of theory where 
u~(b2) = 1446 cm -~ (21.3), uR(a~) = 1545 cm -1 (0.0) and ~'3(al) = 843 cm -1 (0.3) 
are predicted with the D Z + P  basis. The values in parentheses are the IR 
intensities in (D/A)2/ainu.  Thus, we concur with [27] in that a TCSCF description 
of 03 is lacking other important configurations. 

Concluding remarks 

Diradical singlet states often require a two-configuration SCF wavefunction as 
a zeroth-order starting point. Analytic methods have been developed for the 
evaluation of TCSCF infrared intensities and polarizabiliites. For several of the 
molecules considered, the TCSCF method yields qualitatively different predic- 
tions from those obtained with the single configuration SCF method. Specifically, 
the IR intensities of CH3 and HF change considerably in progressing from SCF 
to TCSCF wave functions. The infrared intensities of difluorocarbene, :CF2, are 
very different from those of the prototype singlet methylene, :CH2. Caution must 
be exercised in using the TCSCF method, though, as evidenced by 03. 
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